1. Introduction {#sec1}
===============

The high-energy demand in the world has become a focus of attention for researchers in the last decades because of the constant quest to look for alternative processes able to produce power with a low economical and environmental cost. Notably, in the refrigeration and heat pump industry, working fluids with zero ozone depletion potential (ODP) and a lower global warming potential (GWP) are required. From an environmental viewpoint, the Montreal Protocol^[@ref1]^ phased-out chlorofluorocarbons (CFCs) and hydrochlorofluorocarbons (HCFCs) because of their high ODP. They were progressively substituted by ozone-friendly hydrofluorocarbons (HFCs), which had been considered as permanent replacement fluids and widely used in refrigeration processes.^[@ref2]^ However, they have been lately classified on the list of regulated substances because of their high GWPs, and the recent Kigali Amendment to Montreal Protocol,^[@ref3]^ along with European and other international regulations, has established further restrictions limiting the use of these compounds. In this situation, alternative fluids, such as CO~2~, have received much attention because of their null ODP, low GWP, non-toxicity, non-flammability, and adequate thermodynamic properties^[@ref4]−[@ref8]^ compared to other synthetic refrigerants.^[@ref9],[@ref10]^ Remarkably, CO~2~ has a critical temperature near ambient temperature (*T*~c~ = 304.128 K^[@ref11]^), a reasonably low critical pressure (*P*~c~ = 7.3773 MPa^[@ref11]^), and a critical density (ρ~c~ = 467.6 kg/m^3[@ref11]^) higher than most other supercritical solvents.

Considering the fact that the critical temperature of CO~2~ is lower than the typical values of the heat rejection temperature of air-conditioning, refrigeration systems using CO~2~ are capable of performing their process on different thermodynamic states, in which the heat rejection process takes place above the supercritical pressure, while the evaporation process occurs at subcritical conditions. Thus, the analysis of the so-called transcritical cycle presents a challenge, not only from a theoretical perspective but also from a practical interest. In this respect, enhancement in the performance of the CO~2~ transcritical cycle has been achieved from the modification of basic cycles, replacement and addition of fluid components in the system, and optimization of critical variables.

From a theoretical perspective, apart from having a good equation of state (EOS) to adequately assess the appropriate performance of cycles in terms of thermodynamic properties, it is still necessary to establish which are the optimal ranges on the operational variables (i.e., temperature, pressure, and isentropic efficiency) and how they are interrelated. Moreover, the accurate prediction of thermo-mechanical ranges where these behaviors may occur is still an open problem to design appropriate operating conditions.

Thus, from an operational viewpoint, optimization of the discharge pressure in the CO~2~ cycle has been done for air conditioning applications, and various methods have been proposed. Among these studies, it is important to highlight the contributions of Inokuty,^[@ref12],[@ref13]^ who developed a witty graphical approach to obtain the optimum compression ratio of a transcritical cycle using literature data. Later, Kauf^[@ref14]^ was the first to propose a control function, which is a simple empirical function to relate the ambient temperature with the optimal operating pressure of the transcritical cycle. The aforementioned approach has the advantage that it allows us to easily obtain a result in contrast with the time-consuming graphical methodology. Following the work of Kauf, other works expanded the idea of a control function to other variables of the transcritical cycle. One of the most commonly applied control functions is the correlation developed by Liao et al.,^[@ref15]^ which considers not only the cooler or ambient temperature but also the evaporator temperature. Other empirical control functions have been developed from different approaches considering different variables,^[@ref14]−[@ref23]^ based on the same premises of the control function first developed by Kauf.^[@ref14]^ A complete review of control functions is presented by Yang et al.^[@ref24]^

Furthermore, Yang et al.^[@ref24]^ compared different optimal high-pressure correlations of transcritical CO~2~ in the calculation of the coefficient of performance (COP). They found that adjusting the optimal discharge pressure together with the isentropic efficiency of the compressor using off--line correlations^[@ref17]−[@ref23],[@ref25]−[@ref28]^ results in the prediction of false COP values. At the same time, the comparison with the real-time high-pressure optimization methods^[@ref29]−[@ref33]^ provides a more efficient and robust solution. Of course, although the second method is more effective than the first one, the necessity of real operational data is much more complex and less cost-effective. Otherwise, control functions are empirically based mathematical expressions able to characterize the optimal operating conditions of a cycle. These kinds of functions are widely used for different purposes,^[@ref34]^ and similar approaches may be developed for other configurations of cycles, other working fluids,^[@ref35]^ or even mixtures of working fluids.^[@ref36],[@ref37]^ The inherent empirical nature of these functions give then the advantage of simplicity, but their weaknesses are also significant. First, the most obvious issue is that control functions are substance-specific; therefore, different models of arbitrary fluids cannot be coupled. Additionally, they are limited to narrow ranges^[@ref24]^ and often include a limited number of variables. Indeed, most control functions model the optimal conditions at different variables, and hence, the behavior of the COP around the extreme value is unknown.

The main objective of this work is to present a rigorous and general framework able to describe the optimal operating conditions of a transcritical cycle. This development constitutes an analytical and non-explicit control function, which allows any internal model to obtain numerical results. The advantages of this framework, in contrast to traditional control function approaches,^[@ref24]^ are significant. First, the mathematical structure is a model-free approach depending on the Helmholtz energy function. Hence, it may be coupled with an equation of state using an arbitrary working fluid, removing the limitations of the compound-specific control function, which often are only available for carbon dioxide. Moreover, non-idealities and assumptions such as isentropic compression or the isobaric cooling process can be easily included. In addition, all the variables of the transcritical cycle can be taken into account, and even the same framework can be adapted to the optimization of the process through experimental data. Finally, considering different assumptions and simplifications, any control function can be obtained directly from this framework. In order to demonstrate the capabilities of the present approach, the CO~2~ is selected as the working fluid, and the Span--Wagner EOS,^[@ref4]^ a highly accurate model for CO~2~, is used as the internal model. As a result, a theoretically based control function capable of relating the variables of a single-stage transcritical refrigeration cycle is presented.

2. Results and Discussion {#sec2}
=========================

2.1. Analytical Optimum in a Simple Transcritical Cycle {#sec2.1}
-------------------------------------------------------

The COP of a refrigeration cycle is given by the ratio between the extracted heat in the evaporation unit and the amount of work inverted in the compression stage.^[@ref38]^ In addition, it is known that there is an optimum value of the COP depending on the ratio of compression^[@ref24],[@ref39]−[@ref42]^ in a simple transcritical cycle. Then, considering a single-stage transcritical cycle with an efficiency, η, for the adiabatic compressor unit, and using the terminology shown in [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"} for each stage of the cycle, the COP of the process is given bywhere *H̃*~*i*~ is the molar enthalpy at point *i*, and the superscript r concerns with the reversible approximation of the outlet of the adiabatic compressor unit. Moreover, *H̃*~3~ = *H̃*~4~. Consequently, [eq [1](#eq1){ref-type="disp-formula"}](#eq1){ref-type="disp-formula"} yields

![Schematic representation of a simple transcritical refrigeration cycle composed by an evaporator, gas compressor, gas cooler, and an expansion valve.](ao0c02681_0001){#fig1}

The slope of the COP as a function of the outlet pressure of the compressor, *P*~2~, is given bywhere the terms within the parentheses are the changes of the enthalpy as the ratio of compression increases at constant entropy and temperature, respectively. On the one hand, using the fundamental definition of enthalpy, it is easy to obtain that

On this point, it is essential to keep in mind that *ṽ*~2~^r^ refers to the volume after an isentropic expansion, and therefore, it will depend not only on configurational contributions but also on thermal contributions. On the other hand, applying the Maxwell relation for enthalpy, we obtainor, applying systematic Legendre transforms,^[@ref43]^ we obtainbecause entropy is given by *S̃*~3~ = −∂*G̃*~3~/∂*T*~3~.

Furthermore, the efficiency of the compression unit is often given by an empirical expression as a function of the inlet and outlet compressor pressures. In most convoluted cases, the compressor efficiency may depend on other additional variables, such as the inlet temperature and the mass flow.^[@ref44]^ In these cases, the mathematical labor is equivalent, giving an adequate treatment to the compressor-efficiency function.

Combining [eqs [4](#eq4){ref-type="disp-formula"}](#eq4){ref-type="disp-formula"}, [5](#eq5){ref-type="disp-formula"}, and [7](#eq7){ref-type="disp-formula"}, including the vapour fraction in the evaporator unit as *H̃*~1~ -- *H̃*~3~ = (1 -- Ψ~4~)Δ*H̃*~1~, and after some algebra, an analytical expression for the optimal COP is obtainedwhere Δ*H̃*~1~ is the vaporisation enthalpy at pressure *P*~1~ and Ψ~4~ is the vapour fraction at point (4). From [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"}, it may be noticed that the optimal compression ratio will not be sensitive to the efficiency of the compressor if the functionality of this value is not abrupt.^[@ref15],[@ref34],[@ref45],[@ref46]^ In an extreme case, if a constant efficiency is assumed, [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"} is reduced to a more straightforward expression given by

The optimal COP value is strongly dependent on the compound, the outlet temperature of the cooler unit and the compression ratio, *r* = *P*~2~/*P*~1~. Finally, the derivative of the Gibbs energy function present in [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"} can be expressed applying Legendre transforms^[@ref43]^ aswhere *Ã* is the Helmholtz energy function and their subscripts are the partial derivatives using the Rowlinson's shortcut for the derivatives of the thermodynamic functions.^[@ref47]^ It is important to notice that [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"} is completely analytical for any equation of state, independent of its complexity, because its structure depends on the Helmholtz variable group. Therefore, the model-free nature of this approach allows to be coupled to any model, such as a multiparameter EOS such Span--Wagner,^[@ref4],[@ref48]^ tabulated approaches^[@ref49]^ or even a molecularly based EOS such as SAFT-family EOS,^[@ref50]−[@ref52]^ or adapting the range of parameterization to the required conditions.

2.2. Analytical Optimisation of a Transcritical Cycle {#sec2.2}
-----------------------------------------------------

In order to illustrate the optimization of a transcritical cycle using the mathematical expression presented in [Section [2.1](#sec2.1){ref-type="other"}](#sec2.1){ref-type="other"}, a simple configuration of a CO~2~ transcritical cycle is schematically plotted in [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}. The cycle is composed by a compressor, a gas cooling unit, a throttling valve, and an evaporator. The stages of the process can be summarized as follows: from (1) to (2), an isentropic compression with an efficiency η is carried out; from (2) to (3), an isobaric cooling process takes place; and from (3) to (4), the fluid crosses the valve through an isenthalpic and adiabatic expansion. Finally, from (4) to (1), an isobaric evaporation process from an equilibrium state to a saturated vapour or, eventually, a superheated vapour occurs.

As a base case, the operating temperature of the evaporator unit is fixed at *T*~1~ = *T*~4~ = 263.15 K, which is a usual temperature of a transcritical refrigeration cycle operating with CO~2~.^[@ref24]^ Additionally, the compression stage operates isentropically (η = 1.0) and achieves a pressure of 90 bar, and the cooling unit may lower the temperature of the fluid until the near critical temperature of the compound (*T*~3~ = 305.00 K). The phase diagram of the above benchmark is illustrated in [Figure [2](#fig2){ref-type="fig"}](#fig2){ref-type="fig"} in the pressure versus enthalpy projection and in the temperature versus entropy projection.

![(a) Pressure vs enthalpy and (b) temperature vs entropy diagrams as predicted by the Span--Wagner EOS for CO~2~. A representation of a simple transcritical cycle is displayed in crimson lines. The numbers correspond to (1): outlet of the evaporation stage, (2): outlet of the compressor unit after an isentropic process, (3): outlet of the cooling unit, and (4): outlet of the expansion valve.](ao0c02681_0002){#fig2}

At the aforementioned conditions and using the Span--Wagner EOS, a COP = 2.750 is found, which corresponds to the performance of the cycle highlighted as (A) in [Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}. By visual inspection, it is clear that the value of (A) is not the optimum COP value, which is achieved at a lower compression ratio at point (B). This point is directly characterized by [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"}, giving a COP value of 2.777, representing the optimum COP the cycle can reach when the cooling unit works at 305.0 K, and the evaporator unit has fixed properties. Furthermore, the usual behavior of the COP of this kind of cycles as a function of compression ratio is also shown in [Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}. On the one hand, it is easy to observe that for a compression ratio *P*~2~/*P*~1~ = *r* \> *r*~op~, the COP decreases systematically because of the increase of the amount of work required by the compressor. On the other hand, a compression ratio lower than the optimum produces a dramatic decrease of the COP until point (C).

![Behavior of COP as a function of the compression ratio, *r*, as predicted by the Span--Wagner EOS, using fixed temperatures in the outlet of the evaporator and cooling unit of *T*~1~ = 263.15 K and *T*~3~ = 305.00 K, respectively.](ao0c02681_0003){#fig3}

At supercritical pressures, the isobaric cooling process is carried out in a homogeneous phase; hence, the gas can be cooled until any temperature. This latter has a technical and operational limit related to the outlet temperature of the cooling unit that can be reached by heat exchange with a readily available media. For this reason, it is interesting to analyze the behavior of the maximum COP and these temperature changes. [Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"} shows the expected behavior considering the efficiency of the compressor unit as η = 1.0. Here, the crimson line has the critical temperature at the outlet of the cooling unit, that is, it is the same projection than that in [Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}. At high temperatures, the optimal COP of the system decreases, while at lower temperatures, COP increases considerably. Moreover, a discontinuous line is indicated to represent the collection of all the optimal values of the COP directly obtained from [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"} at different temperatures and compression ratio values. From this line, an operational limit of the transcritical line can be inferred, which is highlighted at point (A). At this point, the optimal value occurs at COP = 3.420, when the temperature is 302.55 K and the compression is on the critical ratio. It is not possible to find an optimal value of the COP in transcritical operation below 302.55 K, although the COP will always be larger than the obtained at higher temperatures.

![Behavior of COP as a function of the compression ratio, *r*, at different cooler temperatures (300.00, 302.55, 304.13, 305.00, 310.00, and 315.00 K) as predicted by Span--Wagner EOS, using a fixed temperature at outlet of the evaporator unit of 263.15 K. Point (A) concerns the operational limit for the optimal behavior of the transcritical cycle.](ao0c02681_0004){#fig4}

Now, the optimal point of operation of a transcritical cycle is unique if the temperature of the cooler is provided. Following this, [Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"} shows a parametrical projection composed of all the optimal values of operation. Moreover, the optimum values are displayed at different efficiencies of the compression unit, taking values from η = 1.0 to 0.1, and the outlet of the cooling unit displayed from 302.55 K till 340.00 K. It is important to note that in [Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"}, the bolder black line represents the optimum at the isentropic operation of the compressor. Hence, this line renders the same limit shown in [Figure [4](#fig4){ref-type="fig"}](#fig4){ref-type="fig"}. Moreover, some interesting remarks arise from [Figure [5](#fig5){ref-type="fig"}](#fig5){ref-type="fig"}. First, the maximum COP is monotonically decreasing with the efficiency of the compression unit. The latter is seen in an example plotted in crimson dashed line at *r* = 4.0; from this point, the optimum COP is highlighted at point (A) when the compressor is isentropic, and while efficiency is decreasing (e.g. η = 0.2), the COP corresponds to point (B). It is important to note that each optimal value of COP is tied to a *T*~3~ value. Therefore, point (A) and the continuous crimson line which arises from it lies at a temperature of 313.51 K, while point (B) lies at 322.68 K. Another intuitive observation is that over the black lines rendering the maximum COP at η = 1.0, there is not an optimal condition of operation. Regardless that, it is possible to find a higher COP if a lower temperature of the cooling unit is selected. From this diagram, a relationship between the efficiency of the compression process, the temperature of the outlet of the cooler, and the COP of the cycle is established.

![Parametric map of the optimal behavior of the CO~2~ transcritical cycle as predicted by Span--Wagner EOS using a fixed temperature in the outlet of the evaporator unit of 263.15 K considering a compression efficiency, η, from 0.1 to 1.0, and temperatures of the cooler from 302.55 to 340.00 K. Points (A) and (B) concern two example optimal systems described in the text.](ao0c02681_0005){#fig5}

2.3. Application of the Theoretically Based Control Function for CO~2~ and N~2~O {#sec2.3}
--------------------------------------------------------------------------------

Remarkably, [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"} is also a control function. This equation may be considered a general, theoretically based, and non-explicit control function. This is due to the fact that its mathematical formulation requires an internal model in order to obtain results. Interestingly, any control function and even graphical approaches can be developed from [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"} under certain assumptions. Another advantage of the presented formulation is its model-free nature. Accordingly, this control function may be used for other working fluids of a transcritical cycle, as for example, nitrous oxide,^[@ref35],[@ref46]^ changing the model.

In order to illustrate the generality of [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"}, several well-established control functions are derived here. One of the most ingenious approaches for the optimization of a transcritical cycle was presented by Inokuty.^[@ref12],[@ref13]^ This methodology is a graphical approach, which can be obtained directly from [eq [4](#eq4){ref-type="disp-formula"}](#eq4){ref-type="disp-formula"}. It is enough to consider an isentropic operation of the compressor, that is, η = 1.0 and hence ∂η/∂*P*~2~ = 0 and *H̃*~2~^r^ are merely *H̃*~2~. Consequently, [eq [4](#eq4){ref-type="disp-formula"}](#eq4){ref-type="disp-formula"} yieldsor

Therefore, this intuitive and basic approach is reduced to the graphical calculation of the *H̃*~2~ and *H̃*~3~ derivatives as a function of *P*~2~. This can be approximately performed using the pressure versus enthalpy diagram, as described in [Figure [6](#fig6){ref-type="fig"}](#fig6){ref-type="fig"}. The optimum value of pressure will fulfil^[@ref12],[@ref13]^ the expression given bywhere *H̃*~5~ and *H̃*~7~ are two auxiliary points of enthalpy obtained from the *P*--*H̃* graphic.

![Schematic representation of the graphical approach proposed by Inokuty,^[@ref12],[@ref13]^ which can be obtained from the general control function of [eq [4](#eq4){ref-type="disp-formula"}](#eq4){ref-type="disp-formula"}.](ao0c02681_0006){#fig6}

In a different contribution, Kauf^[@ref14]^ considered different ambient temperatures and concluded that the larger influence in COP comes from the aforementioned parameter. The same conclusion can be inferred by visual inspection of [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"}. The ambient temperature directly affects the extracted heat from the evaporator, while the energy required in the compressor is not sensitive to the outlet pressure, at least in the usual operation ranges. Moreover, Kauf considered that the temperature of the outlet of the cooler was 2.9 K higher than the ambient temperature. The application of [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"} using this value, assuming an outlet evaporator temperature of 268.15 K (a datum not explicitly given in Kauf's contribution), and applying the multiparameter EOS for CO~2~ with an isentropical operation for the compressor, provide the linear correlation proposed by this author, which is

Furthermore, the current control function presented in this contribution allows Kauf's function to be extended at different operating conditions of the evaporator unit. In this regard, it is enough to redefine the parameters of the control function aswhere θ~*i*~ are parameters depending on *T*~1~, that is, the outlet temperature of the evaporator. Here, the parameters follow a linear form aswhere the required parameters are listed in [Table [1](#tbl1){ref-type="other"}](#tbl1){ref-type="other"}.

###### Parameters for the Extension of Kauf's Control Function^[@ref14]^ Considering Different Evaporator Operation Temperatures from 263.15 to 283.15 K

  *i*/*j*           θ~1~                θ~2~
  --------- -------------------- ------------------
  1                3.2058            --24.9160
  2          --1.3572 × 10^--2^   2.9597 × 10^--1^

This extension qualitatively matches with another control function presented by Liao, Zhao, and Jakobsen^[@ref15]^ with η = 1.0. In fact, the control functions are useful tools because of their simplicity. Nevertheless, the origin of the control function limits its applicability when they are obtained by fitting to experimental or simulated data. Thus, the control functions are restricted mainly to the assumptions, the model, or data used in their construction and the range of these data used in the fitting. On the contrary, a model-free general control function, such as the one presented in [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"}, may be used to accurately develop tailor-made and adapted control functions for any range of conditions, models, or working fluids under controlled assumptions.

As an example, a new and accurate control function based on [eq [8](#eq8){ref-type="disp-formula"}](#eq8){ref-type="disp-formula"} is developed for CO~2~ and N~2~O. It is assumed that both the evaporator and the cooler are isobaric, the temperatures of the evaporator lies from 263.15 to 283.15 K, the outlet pressure of the compressor lies from the critical pressure of the working fluid to *r* = 8, and the efficiency of the compressor unit is assumed a fixed value, independent of the compression ratio. Besides, the cooler can reach temperatures from 302.55 K until 333.15 K for CO~2~, while the temperature range of N~2~O lies from from 308.00 K till 338.00 K. Moreover, the internal model is used as multi-parametric EOS for CO~2~^[@ref4]^ and N~2~O.^[@ref53]^ These kinds of EOS are accurate, and its utilization is often straightforward, being directly applicable to this developed function because of its mathematical structure formed by a function of the temperature and volume.

The volume after the isentropic compression may be fitted to empirical correlations,^[@ref54]^ which is obtained by linearizing the behavior of the properties aswhile the slope of the enthalpy at the point (3) is given by

Additionally, the COP and the compression ratio are related aswhere the parameters κ~*i*~ depend on the reduced temperature of the evaporator unit as polynomial as

[Table [2](#tbl2){ref-type="other"}](#tbl2){ref-type="other"} summarizes the parameters for [eq [20](#eq20){ref-type="disp-formula"}](#eq20){ref-type="disp-formula"}.

###### Parameters for the Theoretically Based Control Function Proposed in This Work Depending on Temperatures, Optimal COP, and Optimal Compression Ratio for Carbon Dioxide and Nitrous Oxide

       carbon dioxide   nitrous oxide                                                
  ---- ---------------- --------------- --------------- ------------- -------------- ---------------
  1    0.14926          --0.25032       --9.40454       --0.01382     --0.00692      5.98685
  2    --2.89363        4.83187         --2.30512       0.17673       --0.20977      0.23689
  3    2.29127          --3.86783       1.88606         0.10179       --0.22344      --0.04778
  4    3081.83433       --5250.34162    2282.25052      2228.71741    --3667.97688   1568.49648
  5    128.60168        --258.90105     --39047.20332   56.32352      --117.27132    --23302.10334
  6    5558.57914       --11343.49215   9867.05269      2545.98096    --5378.46891   4769.50445
  7    83.63715         --251.31456     --7280.75242    82.01015      --211.80192    --3334.50559
  8    --5565.44802     11168.94350     --2230.89631    2518.30166    5221.02803     --1171.21570
  9    --0.18718        1.41716         --0.20651       --3.58305     8.22818        --3.43543
  10   26.39708         --58.03580      34.72192        --3.23926     --8.58106      13.16498
  11   --5.62365        24.76083        --23.08220      --21.44896    26.37345       --2.74116
  12   19.26477         --49.48211      32.21640        80.32090      --131.68253    48.29887
  13   0.00000          0.00000         266731.82951    0.00000       0.00000        23879.43297
  14   0.00000          0.00000         0.03521         0.00000       0.00000        0.39540
  15   --707.07216      1187.79376      --505.40882     --350.02604   567.83315      --234.25531
  16   1489.96126       --2498.79125    1062.76581      750.79726     --1215.21645   501.39850
  17   --786.39320      1316.06487      --558.66978     --403.52352   651.08063      --267.83006

Furthermore, if the efficiency of the compression unit is not a fixed value, it is enough to have access to values of the heat of vaporization in the range of the correlation and to the vaporized fraction at the temperature of the evaporator. On the one hand, the heat of vaporization is widely available in correlations or can be fitted. Here, the heat of vaporization is obtained from

On the other hand, the vaporized fraction is given bywhere the parameters κ~*i*~ are also given by [eq [20](#eq20){ref-type="disp-formula"}](#eq20){ref-type="disp-formula"}.

The average absolute deviation (AADs) of the parametrisation proposed for the control function for both compounds are shown in [Table [3](#tbl3){ref-type="other"}](#tbl3){ref-type="other"}.

###### AAD of the Proposed Control Function Applied to Calculate Different Properties of the Transcritical Cycle of CO~2~ and N~2~O in the Proposed Range of Evaporator Temperature and Isentropic Efficiency

                                                                                                                AAD   
  ----------------- ---------- ------------------------------------------------------------------------------- ------ ------
      *ṽ*~2~^r^       *T*~3~                        [17](#eq17){ref-type="disp-formula"}                        0.07   0.09
   d*H̃*~3~/d*P*~2~    *T*~3~                        [18](#eq18){ref-type="disp-formula"}                        0.05   0.02
         COP           *R*                          [19](#eq19){ref-type="disp-formula"}                        0.07   0.08
         COP          *T*~3~    [17](#eq17){ref-type="disp-formula"} and [18](#eq18){ref-type="disp-formula"}   0.10   0.00
       *T*~3~        COP, *r*    [17](#eq17){ref-type="disp-formula"}--[19](#eq19){ref-type="disp-formula"}     0.90   0.03
         *R*           COP.      [17](#eq17){ref-type="disp-formula"}--[19](#eq19){ref-type="disp-formula"}     0.98   0.11
          Η          COP, *r*    [17](#eq17){ref-type="disp-formula"}--[19](#eq19){ref-type="disp-formula"}     4.61   0.87

The presented control function can accurately correlate the thermodynamic optimal variables of the transcritical cycle. As an example, the variables of the transcritical cycle with CO~2~ as working fluid are shown in [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}a--c. These figures display simulated data obtained from the Span--Wagner EOS (symbols) compared with the results of the proposed control function (lines). [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}a shows the optimal cooler temperature as a function of the compression ratio of the cycle at different temperatures of the evaporator. In this figure, each point is associated to an optimal COP of the cycle. Furthermore, [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}b displays the optimal COP as a function of the optimal cooler temperature at different temperatures of the evaporator, while [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}c represents the variation of COP as the compression ratio changes and [Figure [7](#fig7){ref-type="fig"}](#fig7){ref-type="fig"}d displays the optimal COP as a function of the optimal cooler temperature at different isentropic efficiencies. An excellent agreement is found between the Span--Wagner calculated data and the calculations of the control function. The parametrized control function can be used separately, for example, to obtain the COP from a given compression ratio via [eq [19](#eq19){ref-type="disp-formula"}](#eq19){ref-type="disp-formula"} or altogether, for example, to obtain the cooler temperature from the compression ratio and evaporator temperature via [eqs [17](#eq17){ref-type="disp-formula"}](#eq17){ref-type="disp-formula"}--[19](#eq19){ref-type="disp-formula"}. [Table [3](#tbl3){ref-type="other"}](#tbl3){ref-type="other"} summarizes the AADs of different calculations using the proposed control function.

![(a) Optimal value of the outlet temperature of the gas cooler as a function of the optimal compression ratio at different values of the temperature of the evaporator unit (*T*~1~ = 263.15, 268.15, 273.15, 278.15, and 283.15 K) with an isentropic compressor, η = 1.0 (AAD 0.088%). (b) Optimal COP of the transcritical cycle as a function of the optimal compression ratio at different values of the evaporator temperature (*T*~1~ = 263.15, 268.15, 273.15, 278.15, and 283.15 K) with an isentropic compressor, η = 1.0 (AAD 1.08%), (c) Optimal COP of the transcritical cycle as a function of the compression ratio at different efficiencies of the compressor unit (η = 0.6, 0.7, 0.8, 0.9, and 1.0) using an evaporator temperature of 263.16 K (AAD 0.81%), and (d) Optimal COP of the transcritical cycle as a function of temperature of the cooler at different efficiencies of the compressor unit (η = 0.6, 0.7, 0.8, 0.9, and 1.0) using an evaporator temperature of 263.16 K (AAD 0.81%). Continuous black lines are [17](#eq17){ref-type="disp-formula"} while crimson symbols are Span--Wagner predictions.](ao0c02681_0007){#fig7}

Finally, it is important to remark that other control functions of similar origin may be obtained as a function of other desired variables using an adequate EOS, experimental, or simulation data for the desired fluid.

3. Concluding Remarks {#sec3}
=====================

This work has been devoted to developing a rigorous and accurate framework in order to predict and optimize the performance of transcritical cycles by means of tailor-made control functions using carbon dioxide (CO~2~) and nitrous oxide (N~2~O) as examples. This development is directly relevant to any equation of state depending on the Helmholtz variable group. The presented mathematical development constitutes a non-explicit general control function, and it may be coupled to any internal model to obtain results. For this reason, it is especially suitable for mathematically convoluted EOSs such as the SAFT-family of EOSs or multi-parametric EOSs. The results have shown that the optimal compressor ratio is not sensitive to the efficiency of the compressor, becoming independent on the COP, which −as expected-- has substantial variations when the efficiency of the compression changes. Considering the presented approach and the Span--Wagner multi-parametric EOS, a new and accurate control function based on the presented mathematics is provided. The generalized expression can be reduced to other control functions found in the literature. In addition, this control function can model the critical variables of a transcritical cycle to obtain data or to optimize its variables. The versatility of the presented approach provides a tool able to be extended to other types of cycles and to other compounds or azeotropic mixtures using models depending on the Helmholtz variable group.
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*Q*

:   extracted heat at the evaporation unit.

*W*

:   work of the compression unit.

*H̃*~*i*~

:   molar enthalpy at point *i*.

*P*~*i*~

:   pressure at point *i*.

*T*~*i*~

:   thermodynamic temperature at point *i*.

*ṽ*~*i*~

:   molar volume at point *i*.

*S̃*~*i*~

:   molar entropy at point *i*.

*G̃*~*i*~

:   Gibbs energy function at point *i*.

Δ*H̃*~*i*~

:   heat of vaporisation in the point *i*.

*Ã*

:   Helmholtz energy function.

*r*

:   compression ratio defined as *P*~2~/*P*~1~.

*a*~*i*~, *b*~*i*~, *c*~*i*~, *d*~*i*~ and *m*~*i*~

:   coefficients for the control functions.
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```

op

:   refers to the optimal condition.

r

:   as superscript refers to an isentropic process and as subscript refers to a reduced property.
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η

:   efficiency of the compression unit.

κ~*i*~

:   coefficients of the empirical correlation for the efficiency of the compression unit.

Ψ~*i*~

:   vaporised fraction at point *i*.
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```

EOS

:   equation of state

ODP

:   ozone depletion potential

GWP

:   global warming potential

CFC

:   chlorofluorocarbon

HCFC

:   hydrochlorofluorocarbon

HFC

:   hydrofluorocarbon

COP

:   coefficient of performance

SAFT

:   statistical association fluid theory
